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Solve the equation
7 sechXx —tanh x=5

Give your answers in the form In a, where a is a rational number.

)

Figure 1

The points A, B and C have position vectors a, b and ¢ respectively, relative to a fixed origin O,
as shown in Figure 1.

It is given that
a=it+j, b=3i—-j+k and c=2i+j-k.

Calculate
(@ bxc,

3)
() a.(bxo),

2
(c) the area of triangle OBC,

2
(d) the volume of the tetrahedron OABC.

@
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6 1 -1
M=|0 7 0
3 -1 2
(a) Show that 7 is an eigenvalue of the matrix M and find the other two eigenvalues of M.
(©)]
(b) Find an eigenvector corresponding to the eigenvalue 7.
“@
Given thaty = arsinh (Vx), x>0,
dy .. .. .
(a) find v giving your answer as a simplified fraction.
X
3
(b) Hence, or otherwise, find
4
j ; dx’
NIX(x+1D]
giving your answer in the form ln[a b \/SJ , where a and b are integers.
©)
5 )("
|n:J7dX, n>0.
N@5-xY)
X
a) Find an expression for | ————dx, 0<x<5.
@ P J J25-x)
2
(b) Using your answer to part (@), or otherwise, show that
|nzm|n72, n>2.
n
(6]
(c¢) Find l4 in the form kz, where K is a fraction.
“@

M35145A 3

2

2
The hyperbola H has equation X—z Yy
a

rel =1, where a and b are constants.

The line L has equation y = mx + ¢, where m and C are constants.

(a) Given that L and H meet, show that the X-coordinates of the points of intersection are the
roots of the equation

(a’m? — b?)x? + 2a’mex + a%(c* + b)) = 0.

2
Hence, given that L is a tangent to H,
(b) show that a?m? = b% + ¢%.
2
The hyperbola H' h X Y
e hyperbola H' has equation — —=— =1.
P R TIT
(c) Find the equations of the tangents to H’ which pass through the point (1, 4).
Q)
The lines |1 and |2 have equations
1 -1 a 0
r=|-1|+A| 3| and r=|—-4|+u|3|.
2 4 0 2
If the lines |1 and |2 intersect, find
(a) the value of a,
(O]

(b) an equation for the plane containing the lines 1 and |2, giving your answer in the form
ax + by +cz+d=0, where a, b, ¢ and d are constants.

)
For other values of a, the lines |1 and |2 do not intersect and are skew lines.
Given that a = 2,
(c) find the shortest distance between the lines |1 and |2 .

3)
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A curve, which is part of an ellipse, has parametric equations

Xx=3cosf, y=>5sinb, osegg
The curve is rotated through 2z radians about the x-axis.

(a) Show that the area of the surface generated is given by the integral
knj V(16c® +9) dc, where ¢ = cos 6,
0
and where K and o are constants to be found.
©)

(b) Using the substitution ¢ = %sinh u, or otherwise, evaluate the integral, showing all of your

working and giving the final answer to 3 significant figures.

®
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The line X = 8 is a directrix of the ellipse with equation

2 2
X Y —1, a>o0, b>0,
2 b2

[\

and the point (2, 0) is the corresponding focus.

Find the value of a and the value of b.

5. Given that y = (arcosh 3x)%, where 3x >1, show that

@ Ox*-1) [ﬂj =36y,
dx

1

1
Use calculus to find the exact value of f -
X +4x+13

PMT

PMT

(a) Starting from the definitions of sinh x and cosh X in terms of exponentials, prove that

cosh 2x =1 + 2 sinh® x

(b) Solve the equation
cosh 2X — 3 sinh x = 15,

giving your answers as exact logarithms.

In:J(afx)"cosx dx, a=0, n>0.
0

(a) Show that, forn>2,

In=na"'=nin—1ln2

z

2
2
(b) Hence evaluate J' (%— Xj cosX dx.
0

(©)]
d’y g, dy
b) (9%*—1)—= +9x—= =18.
® ) dx? dx
(©) “@
1 03
6. M=|0 -2 1| ,wherekisaconstant.
(©) k 01
6
Given that | 1| is an eigenvector of M,
6
3
6
(a) find the eigenvalue of M corresponding to | 1 |,
6
(0]
1) (b) show thatk =3,
(0]
(c) show that M has exactly two eigenvalues.
“@
A transformation T : R® — R is represented by M.
. . . . . X—2 y z+1
The transformation T maps the line 1, with cartesian equations = =3 = R onto the
®) line I2.
(d) Taking k = 3, find cartesian equations of l2.
(©)]
3)

N35389RA 2
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The plane /7 has vector equation
r=3itk+1(-4i+j)+u6i-2j+k)

(a) Find an equation of /7 in the form r.n = p, where n is a vector perpendicular to /7 and p is a
constant.

()]

The point P has coordinates (6, 13, 5). The line | passes through P and is perpendicular to /7. The
line | intersects /7 at the point N.

(b) Show that the coordinates of N are (3, 1, —1).
)

The point R lies on /7 and has coordinates (1, 0, 2).

(c) Find the perpendicular distance from N to the line PR. Give your answer to 3 significant

figures.
®)
X2 yz
The hyperbola H has equation — — =
16 4
The line |1 is the tangent to H at the point P (4 sec t, 2 tan t).
(a) Use calculus to show that an equation of |1 is
2ysint=Xx—4cost
(©)
The line |2 passes through the origin and is perpendicular to | .
The lines |1 and |2 intersect at the point Q.
(b) Show that, as t varies, an equation of the locus of Q is
(X2 +y?)? = 16X — 4y?
(2)
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The curve C has equation y = 2x3, 0<x<2.
The curve C is rotated through 27 radians about the X-axis.

Using calculus, find the area of the surface generated, giving your answer to 3 significant figures.

®
(a) Given thaty=xarcsinx, 0<x<1, find
(i) an expression for ﬂ,
dx
(ii) the exact value of dy when X = l
dx 2
3
(b) Given that y = arctan (3¢**), show that
y_ 3
dx  5cosh2x+4sinh2x
&
Show that
¢ 1
(a) J ————— dx=k=, giving the value of the fraction k,
s X°—10x+34
®
* 1
b — A =In(A+1n), giving the values of the integers A and n.
® L V(x* —10x+34) ( - giving ¢
“
In= J x*(Inx)" dx, n>0.
1
(a) Prove that, forn>1,
3
=0y
3 3
@
(b) Find the exact value of 1.
“@
P35414A 2

The curve C, has equation y = 3 sinh 2X, and the curve C, has equation y =13 — 3e*.

(a) Sketch the graph of the curves C, and C, on one set of axes, giving the equation of any
asymptote and the coordinates of points where the curves cross the axes.

@
(b) Solve the equation 3 sinh 2x =13 — 3e*, giving your answer in the form 4 In k, where k is an
integer.
()
The plane P has equation
3 0 3
r=| 1|+A| 2|+u| 2
2 -1 2
(a) Find a vector perpendicular to the plane P.
2
The line | passes through the point A (1, 3, 3) and meets P at (3, 1, 2).
The acute angle between the plane P and the line | is .
(b) Find « to the nearest degree.
(O]
(c) Find the perpendicular distance from A to the plane P.
(C)

P35414A 3
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The matrix M is given by
k -1 1
M=|1 0 -1|, k=1L
3 -2 1

(a) Show that det M =2 — 2k.

(2)
(b) Find M"!, in terms of k.

5)

The straight line |, is mapped onto the straight line |, by the transformation represented by the
matrix

2 -1 1
1 0 -1
3 -2 1

The equation of |, is (r —a) x b =0, where a = 4i + j+ 7k and b = 4i + j+ 3k.

(c¢) Find a vector equation for the line |, .

(©)]

P35414A 4

The hyperbola H has equation
XZ yZ
7L
b

Q

(a) Use calculus to show that the equation of the tangent to H at the point (a cosh 6, b sinh 6)
may be written in the form

xb cosh 6 — ya sinh 6 = ab.

(C))
The line |, is the tangent to H at the point (a cosh 6, b sinh §), 0= 0.
Given that |, meets the x-axis at the point P,
(b) find, in terms of @ and 6, the coordinates of P.
2
The line |, is the tangent to H at the point (a , 0).
Given that |, and |, meet at the point Q,
(c) find, in terms of a, b and 6, the coordinates of Q.
2
(d) Show that, as 0 varies, the locus of the mid-point of PQ has equation
X(4y* + b?) = ab”.
(©)
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The hyperbola H has equation

x
I}
%)

—_
N

Find
(a) the coordinates of the foci of H,
3)

(b) the equations of the directrices of H.
(2)

Figure 1

The curve C, shown in Figure 1, has equation

y = — cosh 3x, 0<x<Ina,

W | =

where a is a constant and a > 1.

Using calculus, show that the length of curve C is

and state the value of the constant k.

(6)
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The position vectors of the points A, B and C relative to an origin O are i — 2j— 2k, 7i — 3k and
4i + 4j respectively.

Find

(@) AC x BC,
“

(b) the area of triangle ABC,
2

(c) an equation of the plane ABC in the form r. n = p.
2

7
In= J x"sin2x dx, n=>0.
0
(a) Prove that, forn>2,
n-1
PRSI (2 R Y N T
4 (4 4

5

(b) Find the exact value of 2.
©

(c) Show that 4 = é(;ﬁ —247+48).
2

(a) Differentiate X arsinh 2X with respect to X.
3

(b) Hence, or otherwise, find the exact value of

N2
j arsinh 2x dx.
0
giving your answer in the form A In B + C, where A, B and C are real.

@

P401T1A 3

The ellipse E has equation

XZ
2

a

The line |1 is a tangent to E at the point P (a cos 6, bsin ).

+

b

(a) Using calculus, show that an equation for |1 is

Xcos @ . ysiné -1

y: _
o=l

a b
)
The circle C has equation
X+yr=al
The line |2 is a tangent to C at the point Q(a cos 6, a sin §).
(b) Find an equation for the line I2.
2)
Given that |1 and |2 meet at the point R,
(c) find, in terms of a, b and 6, the coordinates of R.
3)
(d) Find the locus of R, as 0 varies.
2
f(X) =5 cosh X — 4 sinh X,
(a) Show that f(x) = %(e"+ 9e™).
2)
Hence
(b) solve f(x) =35,
“4)
In3
(c) show that f S S VO
%1n35coshx—4smhx 18
5)
P401TIA 4
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The matrix M is given by

(a) Show that 4 is an eigenvalue of M, and find the other two eigenvalues.
(©)]
(b) For the eigenvalue 4, find a corresponding eigenvector.

©)]

The straight line |1 is mapped onto the straight line |2 by the transformation represented by the
matrix M.

The equation of I1 is (r — a) x b =0, where a =3i+ 2j— 2k and b =i — j+ 2k.

(c) Find a vector equation for the line I2.

(©)]
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The hyperbola H has foci at (5, 0) and (-5, 0) and directrices with equations

X= 2 and X = 72.
5 5
Find a cartesian equation for H.
Q)
Two skew lines |1 and |2 have equations
liir=(@-j+Kk)+A4i+3j+2Kk)
l2:r=(3i+ 7j + 2Kk) + u(—4i + 6j + k)
respectively, where A and u are real parameters.
(a) Find a vector in the direction of the common perpendicular to |1 and I2.
(6]
(b) Find the shortest distance between these two lines.
()

The point P lies on the ellipse E with equation
22
Y,
36 9
N is the foot of the perpendicular from point P to the line x = 8.
M is the midpoint of PN.

(a) Sketch the graph of the ellipse E, showing also the line X = 8 and a possible position for
the line PN.

)
(b) Find an equation of the locus of M as P moves around the ellipse.

“@
(c) Show that this locus is a circle and state its centre and radius.

(©)]

P42956A 2

The plane /71 has vector equation

1 1 1
r=|-1(+s|1[+t] 2],
0 -2

where s and t are real parameters.

The plane 77; is transformed to the plane /7> by the transformation represented by the
matrix T, where

Find an equation of the plane in the form r. n = p.

®

P42956A 3
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5
|n=j X"2x-1)7F dx, n=0
1

(a) Prove that, forn>1,

@n+ Dlh=nlp1 +3x5"—1

(©)
(b) Using the reduction formula given in part (@), find the exact value of I2.
()
1
It is given that | 2 | is an eigenvector of the matrix A, where
0
4 2 3
A={2 b 0
a 1l 8
and a and b are constants.
1
(a) Find the eigenvalue of A corresponding to the eigenvector | 2 |.
0
3
(b) Find the values of a and b.
3
(c) Find the other eigenvalues of A.
()

P42956A 4

Figure 1
The curves shown in Figure 1 have equations
y=6coshx and y=9-2sinhx

(a) Using the definitions of sinh X and cosh X in terms of e*, find exact values for the
X-coordinates of the two points where the curves intersect.

(6)
The finite region between the two curves is shown shaded in Figure 1.

(b) Using calculus, find the area of the shaded region, giving your answer in the form
alnb +c, where a, b and ¢ are integers.

6

P42956A 5
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0]
Figure 2

The curve C, shown in Figure 2, has equation

(a) Show that the length s of curve C is given by the equation

S:IIS\/@ dx

(b) Using the substitution x = sinh® u, or otherwise, find an exact value for s.

Give your answer in the form av2 + In(b + c\2) where a, b and ¢ are integers.

2

(&)
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A hyperbola H has equation

where a is a positive constant.

The foci of H are at the points with coordinates (13, 0) and (-13, 0).
Find

(a) the value of the constant a,

The curve with parametric equations
x=cosh260, y=4sinhf, 0<60<1
is rotated through 2z radians about the x-axis.

Show that the area of the surface generated is A(cosh® o — 1), where & = 1 and A is a constant
to be found.

)]

3)
(b) the equations of the directrices of H.

3)
(a) Find

1
———— dx
J. V(4x2 +9)
2)

(b) Use your answer to part (@) to find the exact value of

3 1
,[,3V(4x2+9) o

giving your answer in the form k In(a + b V5), where a and b are integers and k is a
constant.

3)

P43143A 2

o

Figure 1
Figure 1 shows part of the curve with equation
y =40 arcosh x — 9x, X>1

Use calculus to find the exact coordinates of the turning point of the curve, giving your

answer in the form (E, rin3+ sj where p, g, r and S are integers.
q

)

P43143A 3
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The matrix M is given by

1 1 a
M=| 2 b c|,wherea,band c are constants.
0 1

(a) Given that j + k and i — k are two of the eigenvectors of M,
find

(i) the values of @, b and c,

(ii) the eigenvalues which correspond to the two given eigenvectors.

®
(b) The matrix P is given by
110
P=| 2 1 d |, wheredis constant, d #—1
-1 0 1
Find
(1) the determinant of P in terms of d,
(ii) the matrix P! in terms of d.
()
Given that
4
I, =J. X"N(16-x¥dx, n=0,
0
(a) prove that, forn>2,
(n+2)ln=16(n—1)ln2
(6)
(b) Hence, showing each step of your working, find the exact value of Is.
®

P43143A 4

The ellipse E has equation

2 2
%+§ =1, a>h>0
The line | is a normal to E at a point P(acos 6, bsin 0), 0<6< %

(a) Using calculus, show that an equation for | is

axsin @ — bycos 6 = (a®> — b?) sin 6 cos 6
®)

The line | meets the x-axis at A and the y-axis at B.

(b) Show that the area of the triangle OAB, where O is the origin, may be written as ksin 26,
giving the value of the constant k in terms of @ and b.
(C))
(c) Find, in terms of a and b, the exact coordinates of the point P, for which the area of the
triangle OAB is a maximum.

(©)]
The plane /71 has vector equation
r.3i—4j+2k)=5
(a) Find the perpendicular distance from the point (6, 2, 12) to the plane /7:.
(©)]
The plane /7> has vector equation
r=/(2i+j+ 5k) + u(i— j — 2k), where 1 and x are scalar parameters.
(b) Find the acute angle between /71 and /7> giving your answer to the nearest degree.
)

(c) Find an equation of the line of intersection of the two planes in the form r x a = b,
where a and b are constant vectors.

6
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2 sinh x+ 7 coshx=9
giving your answers as natural logarithms.
6)

e The total mark for this paper is 75.
e The marks for each question are shown in brackets
— use this as a guide as to how much time to spend on each question.

Advice

e Read each question carefully before you start to answer it.
e Try to answer every question.
e Check your answers if you have time at the end.
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A non-singular matrix M is given by

3 k 0
M=k 2 0], whereKkisa constant.
k 0 1

(a) Find, in terms of k, the inverse of the matrix M.

()
The point A is mapped onto the point (-5, 10, 7) by the transformation represented by the
matrix
310
1 20
1 0 1
(b) Find the coordinates of the point A.
3
Given that
In=.[xcos"9d9, n>0
0
(a) prove that, forn>2,
1 n
nl, = [@j +(n-1)1,,
(6)
(b) Hence find the exact value of Is, showing each step of your working.
(©)

The hyperbola H has equation

2 2

Xy

16 4
The line | is a tangent to H at the point P (4 cosh a, 2 sinh a), where « is a constant, o # 0.
(a) Using calculus, show that an equation for | is

2ysinha—Xcosha+4=0

P44518A 3

“@
The line | cuts the y-axis at the point A.
(b) Find the coordinates of A in terms of .
2
The point B has coordinates (0, 10 sinh &) and the point S is the focus of H for which x > 0.
(c) Show that the line segment AS is perpendicular to the line segment BS.
®
The curve C has parametric equations
x=3t, y=12t, 0<t<4
The curve C is rotated through 2z radians about the x-axis.
(a) Show that the area of the surface generated is
(a5 + b)
where a and b are constants to be found.
(6)
(b) Show that the length of the curve C is given by
K[ (€ +4)at
where K is a constant to be found.
O]

(c) Use the substitution t = 2sinh 6 to show that the exact value of the length of the curve C is

24V5 + 12In(2 + V5)
(6)
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The line | has equation
r=(2i+j—2Kk)+ A(3i + 2j + k), where 1 is a scalar parameter,
and the plane /7 has equation
r.(i+tj-2k)=19

(a) Find the coordinates of the point of intersection of | and /1.

(©)
The perpendicular to /7 from the point A (2, 1, —2) meets /7 at the point B.
(b) Verify that the coordinates of B are (4, 3, —6).

3
The point A (2, 1, -2) is reflected in the plane /7 to give the image point A".
(c) Find the coordinates of the point A’.

(€))

(d) Find an equation for the line obtained by reflecting the line | in the plane /7, giving your
answer in the form

rxa=h,

where a and b are vectors to be found.

@
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Solve the equation

5tanh X +7 =5 sech X

Give each answer in the form In k where k is a rational number.

(a) Show that, forn>1,

PMT
PMT

6n

| =———
2n+1

n n-1

6

(b) Hence find the exact value of l4, giving your answer in the form k3 where k is a rational

number to be found.

)
9>+ 6x+5=a(x+hy’+c
(a) Find the values of the constants a, b and c.
3)
Hence, or otherwise, find
(b) I ;dx
9x% +6X+5
2)
(©) J ;dx
VIX* +6Xx+5
)
The curve C has equation
y=%ln(c0thx), x>0
(@) Show that
dy =—cosech 2x
dx
3

The points A and B lie on C.

The X coordinates of A and B are In 2 and In 3 respectively.

(b) Find the length of the arc AB, giving your answer in the form p In g, where p and q are

rational numbers.

©)

P44513A 2

(6]
The ellipse E has equation
X2 +9y>=9
The point P(a cos 6, b sin 0) is a general point on the ellipse E.
(a) Write down the value of a and the value of b.
(O]
The line L is a tangent to E at the point P.
(b) Show that an equation of the line L is given by
3ysinf+Xxcos =3
(©)]
The line L meets the x-axis at the point Q and meets the y-axis at the point R.
(c) Show that the area of the triangle OQR, where O is the origin, is given by
k cosec 20
where K is a constant to be found.
(©)]
The point M is the midpoint of QR.
(d) Find a cartesian equation of the locus of M, giving your answer in the form y* = f(x).
“@
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2) (-2 1
The symmetric matrix M has eigenvectors | 2 [, | 1| and | -2
1 2 2

with eigenvalues 5, 2 and —1 respectively.

(a) Find an orthogonal matrix P and a diagonal matrix D such that

P'™™MP =D
(C)
Given that P! = PT
(b) show that
M =PDP!
(6]
(c) Hence find the matrix M.
)
The curve C has equation
y=¢e¥, xell

The part of the curve C between x = 0 and X = In 3 is rotated through 27z radians about

the x-axis.

(a) Show that the area S of the curved surface generated is given by

In3
S= 2”,[ e *\1+edx
0

(b) Use the substitution e = sinh U to show that
arsinh
S= ZHI cosh” u du
arsinh o
where a and f are constants to be determined.
(c) Show that

2-[C05h2u du=%sinh2u+u+k

where K is an arbitrary constant.

(d) Hence find the value of S, giving your answer to 3 decimal places.

3)

)

2)

2)

P44513A 4

The plane /71 has vector equation r.| 1|=5.

The plane /7> has vector equation r.| 2 |=7.

(a) Find a vector equation for the line of intersection of /71 and /7>, giving your answer in
the form r = a + Ab where a and b are constant vectors and 4 is a scalar parameter.

(6)
The plane /73 has cartesian equation
X—y+2z=31

(b) Using your answer to part (a), or otherwise, find the coordinates of the point of
intersection of the planes /71, /1> and /13.

(©)]
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The line | passes through the point P(2, 1, 3) and is perpendicular to the plane /7 whose
vector equation is

r(i-2j-k) =3
Find
(a) a vector equation of the line |,
()]
(b) the position vector of the point where | meets /7.
“@
(c) Hence find the perpendicular distance of P from /7.
()]
10 2
M=0 4 1
050
(a) Show that matrix M is not orthogonal.
@

(b) Using algebra, show that 1 is an eigenvalue of M and find the other two eigenvalues
of M.

®
(c) Find an eigenvector of M which corresponds to the eigenvalue 1.
2
The transformation M : [1° —[1? is represented by the matrix M.
(d) Find a cartesian equation of the image, under this transformation, of the line
y_z
2 -1
“@
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Using calculus, find the exact value of

2
1
(a) I ——dx
N ( x> =2+ 3)
(C)
1
(b) J ¢* sinh xdx
0
(C)
Using the definitions of hyperbolic functions in terms of exponentials,
(a) show that
sech? x = 1 —tanh? X
3
(b) solve the equation
4sinh X — 3cosh x =3
()
Given that y = artanh*
(1+ xz)
dy 1
show that —=———~
\/(1 +x2 )
(C)

P43147A 3

[In this question you may use the appropriate trigonometric identities on page 6 of the pink
Mathematical Formulae and Statistical Tables.]

The points P(3cos a, 2sin a) and Q(3cos f, 2sin f), where o # S, lie on the ellipse with
equation

(a) Show the equation of the chord PQ is

X os@th) vy (a+h)_  (a-p)

—COS +-—sin =Cos

3 2 2 2 2
“@
(b) Write down the coordinates of the mid-point of PQ.
1
Given that the gradient, m, of the chord PQ is a constant,
(c) show that the centre of the chord lies on a line
=—kx
expressing k in terms of m.
®

A circle C with centre O and radius r has cartesian equation x* + y* = r*> where r is a constant.

r?
2_x2

d 2
(a) Show that 1+(lj -
dx

(©)]

(b) Show that the surface area of the sphere generated by rotating C through z radians about
the x-axis is 47r°.

3
(c) Write down the length of the arc of the curve y = \/(1 —x’) fromx=0tox=1.
(0]
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The position vectors of the points A, B and C from a fixed origin O are
a=i—j, b=i+j+k, c=2j+k
respectively.

(a) Using vector products, find the area of the triangle ABC.

)
(b) Show that éa.(b x¢)=0.
3)
(c) Hence or otherwise, state what can be deduced about the vectors a, b and c.
@
I, =I(x2+l)_ndx, n>0
(a) Show that, forn >0,
X(X2 -*—1)7n 2n—1
II’\+1 = 2n + 2n In
)
(b) Find I2.
3)
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